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In this work we introduce a cosmological constant in the extended Newtonian gravity theory. To
this end, we extend the exotic Newton-Hooke algebra by introducing new generators and central
charges. The new algebra obtained here has been denoted as exotic Newtonian algebra and repro-
duces the extended Newtonian one in the flat limit ℓ → ∞. A three-dimensional Chern-Simons
action for the exotic Newtonian algebra is presented. We show that the non-relativistic gravity
theory proposed here reproduces the most general extended Newtonian gravity theory in the flat
limit.
INTRODUCTION
Newtonian (super)gravity theories have received a
growing interest in the recent years due to their utility
in condensed matter systems [1–8] and non-relativistic
effective field theories [9–12].
The underlying symmetry of Newtonian gravity is
given by the so-called Bargmann algebra [13–15], also
known as centrally extended Galilean algebra. The
construction of such gravity theory requires a geometric
framework called Newton-Cartan geometry [13, 14, 16–
22]. This subsequently allowed to formulate a supersym-
metric extension of Newton-Cartan gravity [23, 24]. De-
spite the great progress achieved at the bosonic level,
an action principle for the Newtonian gravity model has
been presented only recently, in [25]. Subsequently, in
[26] the authors constructed, using the Chern-Simons
(CS) formalism, a three-dimensional (super)gravity the-
ory based on the extended Newtonian algebra. Such alge-
bra requires to extend the so-called extended Bargmann
algebra [27–31] by including new generators and central
charges. The advantage of adopting a three-dimensional
CS formalism relies in the fact that it not only provides
with a simpler framework to formulate non-relativistic
(super)gravities but also reproduces interesting toy mod-
els to approach higher-dimensional theories.
On the other hand, non-relativistic models that in-
clude a cosmological constant are described through the
Newton-Hooke symmetry, which in the flat limit, leads
to the Galilei symmetry [32–38]. However, the incorpo-
ration of a cosmological constant in the extended New-
tonian gravity remains an open issue.
In this work, we present a novel non-relativistic alge-
bra that allows us to construct a three-dimensional CS
exotic Newtonian gravity in the presence of a cosmo-
logical constant. To this end, we extend the so-called
extended Newton-Hooke algebra [39, 40] by introducing
new generators. Furthermore, in order to have a well-
defined non-degenerate invariant tensor, we require the
presence of two central charges. The new algebra is de-
noted as exotic Newtonian algebra and reproduces the
extended Newtonian algebra [26] in the flat limit ℓ→∞.
The CS action obtained contains the extended Newton-
Hooke gravity Lagrangian as a sub-case. Furthermore,
we show that the flat limit reproduces not only the ex-
tended Newtonian gravity but also an exotic term. To
our knowledge, this is the first report showing an action
principle for Newtonian gravity including a cosmological
constant. Our results could be useful in the formulation
of a non-relativistic supergravity model in the presence
of a cosmological constant.
The paper is organized as follows: In Section 2, follow-
ing [26], we briefly review the extended Newtonian grav-
ity theory and introduce an exotic term in the model.
In Section 3, we present a new non-relativistic algebra
that we have called exotic Newtonian algebra. Then, the
explicit construction of a CS action invariant under this
algebra is presented. Section 4 concludes our work with
a discussion about possible future developments.
EXTENDED NEWTONIAN GRAVITY THEORY
In this section, following [26], we review the so-called
extended Newtonian gravity theory. In addition, we
present new non-vanishing components of an invariant
tensor that allows to write the most general extended
Newtonian CS gravity action, the latter involving, in par-
ticular, a new exotic term.
The extended Newtonian algebra is characterized by
the presence of the extended Bargmann generators [27–
30], which are given by the set {J,Ga, S,H, Pa,M},
together with a set of additional generators given by
{Ta, Ba}. Besides, as shown in [26], the proper construc-
tion of a three-dimensional CS action further requires to
add two central charges, Y and Z. The presence of such
central charges assures the non-degeneracy of the invari-
ant tensor, allowing the formulation of a well-defined CS
2action. The generators of the extended Newtonian al-
gebra satisfy the following non-vanishing commutation
relations:
[J,Ga] = ǫabGb , [Ga, Gb] = −ǫabS , [H,Ga] = ǫabPb ,
[J, Pa] = ǫabPb , [Ga, Pb] = −ǫabM , [H,Ba] = ǫabTb ,
[J,Ba] = ǫabBb , [Ga, Bb] = −ǫabZ , [J, Ta] = ǫabTb ,
[S,Ga] = ǫabBb , [Ga, Tb] = ǫabY , [S, Pa] = ǫabTb ,
[M,Ga] = ǫabTb , [Pa, Bb] = ǫabY , (1)
where a, b = 1, 2, ǫab ≡ ǫ0ab, ǫ
ab ≡ ǫ0ab, such that
ǫabǫ
ac = −δb
c. Such algebra can be seen as the cen-
tral extension of the algebra introduced in [25] in order
to define an action principle for Newtonian gravity.
The extended Newtonian algebra admits the following
non-degenerate invariant tensor [26]:
〈MS〉 = 〈HZ〉 = −〈JY 〉 = −β1 ,
〈PaBb〉 = 〈GaTb〉 = β1δab , (2)
where we have introduced an arbitrary constant β1 in
order to distinguish the components in (2) from other
contributions. Indeed, the extended Newtonian algebra
can also be equipped with the extended Bargmann non-
vanishing components of the invariant tensor
〈JS〉 = −α0 ,
〈GaGb〉 = α0δab ,
〈JM〉 = 〈HS〉 = −α1 ,
〈GaPb〉 = α1δab , (3)
and with exotic non-vanishing components of the invari-
ant tensor as
〈SS〉 = 〈JZ〉 = −β0 ,
〈GaBb〉 = β0δab , (4)
being α0, α1, and β0 arbitrary independent constants.
Observe that the components proportional to α1 and β1
reproduce, respectively, the usual invariant tensors of the
extended Bargmann [31, 39] and extended Newtonian al-
gebra [26]. As we shall see below, the respective exotic
sectors are related to the constants α0 and β0 [41].
The gauge connection one-form A = AATA for the
extended Newtonian algebra reads
A = τH + eaPa + ωJ + ω
aGa +mM + sS + t
aTa
+baBa + yY + zZ . (5)
The corresponding curvature two-form F = dA+A∧A =
dA+ 1
2
[A,A] is given by
F = R (τ)H +Ra
(
eb
)
Pa +R (ω)J +R
a
(
ωb
)
Ga
+R (m)M +R (s)S +Ra
(
tb
)
Ta +R
a
(
bb
)
Ba
+R (y)Y +R (z)Z , (6)
with
R (τ) = dτ ,
Ra
(
eb
)
= dea + ǫacωec + ǫ
acτωc ,
R (ω) = dω ,
Ra
(
ωb
)
= dωa + ǫacωωc ,
R (m) = dm+ ǫacωaec ,
R (s) = ds+
1
2
ǫacωaωc ,
Ra
(
tb
)
= dta + ǫacωtc + ǫ
acτbc + ǫ
acsec + ǫ
acmωc ,
Ra
(
bb
)
= dba + ǫacωbc + ǫ
acsωc ,
R (y) = dy − ǫacωatc − ǫ
aceabc ,
R (z) = dz + ǫacωabc . (7)
Then, plugging the connection one-form (5) and the non-
vanishing components of the invariant tensor given by
(2) and (3) into the expression of a three-dimensional CS
action, that is
I =
k
4π
∫ 〈
AdA+
2
3
A3
〉
=
k
4π
∫ 〈
AF −
1
3
A3
〉
, (8)
where k is the CS level of the theory (for gravitational
theories k is related to the gravitational constant G, that
is, specifically, k = 1/(4G)), we find the following CS
action (written up to boundary terms):
IgEN =
k
4π
∫
α0
[
ωaR
a
(
ωb
)
− 2sR (ω)
]
+2α1
[
eaR
a
(
ωb
)
−mR (ω)− τR (s)
]
+β0
[
baR
a
(
ωb
)
+ ωaR
a
(
bb
)
− 2zR (ω)− sds
]
+2β1
[
eaR
a
(
bb
)
+ taR
a
(
ωb
)
+ yR (ω)
−mR (s)− τR (z)] . (9)
The non-relativistic action (9) describes the most gen-
eral action for the extended Newtonian algebra (1). We
have denoted this action by the acronym gEN. One can
see that the CS action (9) contains four independent sec-
tors proportional to α0, α1, β0, and β1, respectively:
The first term reproduces the so-called non-relativistic
exotic gravity Lagrangian; the extended Bargmann grav-
ity term [31] appears considering the term proportional
to α1; a new “exotic extended Newtonian” gravity term
appears along β0, while the last term coincides with the
CS Lagrangian presented in [26]. Let us note that the
Lagrangian proportional to β1 is different from the New-
tonian gravity Lagrangian presented in [25]. Further-
more, as was shown in [26], the coupling to matter of
the extended Newtonian gravity of [26] resembles to the
matter-coupling of the extended Bargmann gravity [31].
Let us specify that the exotic term introduced here
has been obtained by hand. Nevertheless, it would be
interesting to recover such term from a non-relativistic
limit or through a limit procedure in which the resulting
theory exhibits a non-vanishing cosmological constant.
3In what follows, we shall explore the possibility to include
a cosmological constant by introducing an explicit length
parameter ℓ. As we will show, the aforementioned exotic
contribution can be obtained, at least in our framework,
by considering the flat limit ℓ→∞ of a sector pertaining
to the CS theory we will construct in next section.
EXOTIC NEWTONIAN GRAVITY WITH
COSMOLOGICAL CONSTANT
In this section we generalize the extended Newtonian
gravity algebra introduced in [26] to accommodate a cos-
mological constant. The new algebra obtained here will
be called along the paper as the exotic Newtonian al-
gebra. We also provide with the non-vanishing compo-
nents of the invariant tensor allowing us to construct a
CS action invariant under the exotic Newtonian algebra.
Remarkably, the extended Newtonian gravity theory pre-
sented in [26] appears as a flat limit ℓ→∞ of the exotic
Newtonian one presented here.
Exotic Newtonian algebra and flat limit
In order to accommodate a cosmological constant
to the extended Newtonian algebra, we require to ex-
tend the extended Newton-Hooke algebra [39, 40], also
known as exotic Newton-Hooke algebra [42], spanned
by {J,Ga, H, Pa,M, S} together with an additional set
of generators given by {Ba, Ta}. As in the case of the
extended Newtonian algebra, we shall also consider the
presence of two central charges Y and Z. Although the
generators are the same as in the extended Newtonian
case, the presence of a cosmological constant will im-
ply new non-vanishing commutators involving an explicit
scale ℓ. The new algebra, which we dub as the exotic
Newtonian algebra, has the following non-vanishing com-
mutation relations:
[J,Ga] = ǫabGb , [Ga, Gb] = −ǫabS , [H,Ga] = ǫabPb ,
[J, Pa] = ǫabPb , [Ga, Pb] = −ǫabM , [H,Ba] = ǫabTb ,
[J,Ba] = ǫabBb , [Ga, Bb] = −ǫabZ , [J, Ta] = ǫabTb ,
[S,Ga] = ǫabBb , [Ga, Tb] = ǫabY , [S, Pa] = ǫabTb ,
[M,Ga] = ǫabTb , [Pa, Bb] = ǫabY , [H,Pa] =
1
ℓ2
ǫabGb ,
[H,Ta] =
1
ℓ2
ǫabBb , [Pa, Pb] = −
1
ℓ2
ǫabS ,
[M,Pa] =
1
ℓ2
ǫabBb , [Pa, Tb] = −
1
ℓ2
ǫabZ . (10)
Interestingly, the limit ℓ → ∞ reproduces the extended
Newtonian algebra (1). On the other hand, one can see
that setting Ba, Ta, Y , and Z to zero one recovers the
extended Newton-Hooke algebra [42], which leads to the
extended Bargmann algebra in the limit ℓ→∞.
As we shall see, the generators considered here allows
to introduce a well-defined non-degenerate invariant ten-
sor which is crucial to formulate a three-dimensional CS
action.
Chern-Simons exotic Newtonian gravity action
Let us now move to the construction of a three-
dimensional CS action invariant under the exotic Newto-
nian algebra introduced previously.
The exotic Newtonian algebra (10) admits the non-
vanishing components of the invariant tensor of the ex-
tended Newtonian algebra (2)-(4) along with
〈HM〉 = −
α0
ℓ2
,
〈PaPb〉 =
α0
ℓ2
δab ,
〈MM〉 = −〈HY 〉 = −
β0
ℓ2
,
〈PaTb〉 =
β0
ℓ2
δab , (11)
where α0, α1, β0, and β1 are independent arbitrary con-
stants. It is interesting to note that the components
of the invariant tensor proportional to α0 and α1 re-
produces the invariant non-degenerate bilinear form of
the extended Newton-Hooke case [39, 40]. On the other
hand, those proportional to β0 and β1 are related to the
extended Newtonian action besides an exotic term. In
particular, both α0 and β0 are the respective coupling
constants of an exotic Lagrangian. Let us further observe
that, remarkably, the limit ℓ→∞ leads to the invariant
tensor of the extended Bargmann algebra [31, 40] and the
extended Newtonian one [26].
The one-form gauge connection A = AATA can be
written in terms of the exotic Newtonian generators as
follows:
A = τH + eaPa + ωJ + ω
aGa +mM + sS + t
aTa
+baBa + yY + zZ . (12)
The corresponding two-form curvature Fˆ is then given
by
Fˆ = R (τ)H +Ra
(
eb
)
Pa + R (ω)J + Rˆ
a
(
ωb
)
Ga
+R (m)M + Rˆ (s)S +Ra
(
tb
)
Ta + Rˆ
a
(
bb
)
Ba
+R (y)Y + Rˆ (z)Z , (13)
4with
R (τ) = dτ ,
Ra
(
eb
)
= dea + ǫacωec + ǫ
acτωc ,
R (ω) = dω ,
Rˆa
(
ωb
)
= dωa + ǫacωωc +
1
ℓ2
ǫacτec ,
R (m) = dm+ ǫacωaec ,
Rˆ (s) = ds+
1
2
ǫacωaωc +
1
2ℓ2
ǫaceaec ,
Ra
(
tb
)
= dta + ǫacωtc + ǫ
acτbc + ǫ
acsec + ǫ
acmωc ,
Rˆa
(
bb
)
= dba + ǫacωbc + ǫ
acsωc +
1
ℓ2
ǫacτtc
+
1
ℓ2
ǫacmec ,
R (y) = dy − ǫacωatc − ǫ
aceabc ,
Rˆ (z) = dz + ǫacωabc +
1
ℓ2
ǫaceatc . (14)
One can then see that the limit ℓ → ∞ reproduces the
diverse curvature two-forms of the extended Newtonian
algebra (7).
A CS action invariant under the exotic Newtonian alge-
bra introduced here can be obtained by considering the
one-form gauge connection (12) and the non-vanishing
components of the invariant tensor (2), (3), (4), and
(11) in the expression of a three-dimensional CS action
(8). The exotic Newtonian (exN) gravity action in three
spacetime dimensions is given by (up to boundary terms)
IexN =
k
4π
∫
α0
[
ωaRˆ
a
(
ωb
)
− 2sR (ω) +
1
ℓ2
eaR
a
(
eb
)
−
2
ℓ2
mR (τ)
]
+ α1
[
eaRˆ
a
(
ωb
)
+ ωaR
a
(
eb
)
−2mR (ω)− 2sR (τ)]
+β0
[
baRˆ
a
(
ωb
)
+ ωaRˆ
a
(
bb
)
− 2zR (ω)
−sds+
2
ℓ2
yR (τ)−
1
ℓ2
mdm
+
1
ℓ2
taR
a
(
eb
)
+
1
ℓ2
eaR
a
(
tb
)]
+β1
[
eaRˆ
a
(
bb
)
+ baR
a
(
eb
)
+ taRˆ
a
(
ωb
)
+ωaR
a
(
tb
)
+ 2yR (ω)− 2zR (τ) − 2mds
]
. (15)
The CS gravity action (15) is invariant under the exotic
Newtonian algebra introduced previously. One can no-
tice that there are four independent terms proportional
to α0, α1, β0, and β1, respectively. In particular, the
terms proportional to α0 and to α1 correspond to the
exotic Lagrangian and to the extended Newton-Hooke
gravity Lagrangian [39, 40], respectively. The latter is
known to describe a non-relativistic model with cosmo-
logical constant which can appear from the (A)dS algebra
after having considered the limit c→∞ and Λ→ 0, but
keeping c2Λ finite. The gauge fields related to the genera-
tors {Ba, Ta, Y, Z} appear exclusively along β1 and β0. In
particular, the Lagrangian proportional to β1 generalizes
the extended Newtonian gravity Lagrangian presented in
[26] by introducing new terms with an explicit scale ℓ.
Let us note that in the limit ℓ → ∞ of (15) we have
that the sector involving the contributions proportional
to α0 and α1 can be rewritten, up to boundary terms, as
the Lagrangian invariant under the extended Bargmann
(EB) algebra, namely, considering IexN =
k
4π
∫
LexN in
(15) and taking the ℓ→∞ limit of the α0, α1 sector,
(
LexN|α0,α1 sector
)
|ℓ→∞ = LEB , (16)
LEB =α0
[
ωaR
a
(
ωb
)
− 2sR (ω)
]
+2α1
[
eaR
a
(
ωb
)
−mR (ω)− τR (s)
]
, (17)
where Ra
(
ωb
)
, R (ω), and R(s) coincide respectively
with the same curvatures written in (7), and they are
two-form curvatures of the extended Bargmann algebra.
One can also see that the exotic Newtonian curvature
R(ω) is not modified by the flat limit and coincides with
the extended Bargmann one.
On the other hand, the limit ℓ → ∞ applied in the
β0 and β1 sector reproduces, up to boundary terms, the
extended Newtonian gravity Lagrangian and the corre-
sponding exotic term (we denote the whole contribution
by ENe), that is
(
LexN|β0,β1 sector
)
|ℓ→∞ = LENe , (18)
LENe =β0
[
baR
a
(
ωb
)
+ ωaR
a
(
bb
)
− 2zR (ω)− sds
]
+2β1
[
eaR
a
(
bb
)
+ taR
a
(
ωb
)
+ yR (ω)
−mR (s)− τR (z)] , (19)
where Ra
(
bb
)
and R (z) coincide respectively with the
same curvatures written in (7), as they are, indeed, two-
form curvatures of the extended Newtonian algebra. Let
us also highlight that Ra
(
ωb
)
is the same for the ex-
tended Bargmann and extended Newtonian algebra, and
the same holds for R (s). The curvature R(ω) is al-
ways the same in the extended Newtonian, extended
Bargmann, and exotic Newtonian algebras (in fact, as we
have already mentioned, it remains unaltered when one
considers the flat limit ℓ → ∞ of the exotic Newtonian
curvatures (14)).
One can see that each independent term of the ex-
otic Newtonian gravity action (15) is invariant under the
gauge transformation laws δA = dλ+ [A, λ], being
λ = ΛH + ΛaPa +ΩJ +Ω
aGa + χM + κS +Υ
aTa
+ΣaBa + γY + ζZ (20)
5the gauge parameter. Specifically, the gauge transforma-
tions of the theory are given by
δτ = dΛ ,
δea = dΛa + ǫacωΛc − ǫ
acΩec + ǫ
acτΩc − ǫ
acΛωc ,
δω = dΩ ,
δωa = dΩa + ǫacωΩc − ǫ
acΩωc +
1
ℓ2
ǫacτΛc −
1
ℓ2
ǫacΛec ,
δm = dχ+ ǫacωaΛc − ǫ
aceaΩc ,
δs = dκ+ ǫacωaΩc + ǫ
aceaΛc ,
δt = dΥ+ ǫacωΥc − ǫ
acΩtc + ǫ
acτΣc − ǫ
acΛbc
+ǫacsΛc − ǫ
acκec + ǫ
acmΩc − ǫ
acχωc ,
δba = dΣa + ǫacωΣc − ǫ
acΩbc + ǫ
acsΩc − ǫ
acκωc
+
1
ℓ2
ǫacτΥc −
1
ℓ2
ǫacΛtc +
1
ℓ2
ǫacmΛc −
1
ℓ2
ǫacχec ,
δy = dγ − ǫacωaΥc + ǫ
actaΩc − ǫ
aceaΣc + ǫ
acbaΛc ,
δz = dζ + ǫacωaΣc − ǫ
acbaΩc +
1
ℓ2
ǫaceaΥc
−
1
ℓ2
ǫactaΛc . (21)
Naturally, the gauge transformations of the most general
extended Newtonian gravity theory are recovered in the
limit ℓ→∞. The non-degeneracy of the invariant tensor
allows to achieve a well-defined CS gravity action whose
equations of motion are given by the vanishing of the
respective curvature two-forms (14).
DISCUSSION
In this work we have introduced a cosmological con-
stant in the extended Newtonian gravity action presented
in [26]. To this end, we have presented a new non-
relativistic algebra that we have called exotic Newtonian
algebra. The new algebra introduced here generalizes
the extended Newton-Hooke one by including additional
generators. Furthermore, analogously to the extended
Newtonian case, we consider extra central charges in or-
der to have a non-degenerate invariant tensor allowing to
construct a well-defined three-dimensional CS action. In-
terestingly, the non-relativistic gravity theory presented
here contains the extended Newton-Hooke gravity as a
sub-case. In the flat limit ℓ → ∞, the exotic Newtonian
gravity reproduces the most general extended Newtonian
gravity theory. Indeed, we have shown that the limit
ℓ→∞ lead us not only to the extended Bargmann grav-
ity [39, 40] but also to the extended Newtonian gravity
[26], each one with their respective exotic sectors.
It is important to clarify that the non-relativistic alge-
bra introduced here has been obtained by hand. Nev-
ertheless, it would be interesting to recover it by a pos-
sible non-relativistic limit or contraction procedure of a
relativistic theory. On the other hand, the algebra ex-
pansion procedure introduced in [43] and subsequently
defined using Maurer-Cartan forms [44, 45] and semi-
groups [46] have not long ago turned out to be useful
to get diverse non-relativistic (super)algebras [47–51]. It
would be worth it to explore the possibility to obtain the
extended Newtonian algebra and the exotic Newtonian
one presented here using the expansion procedure [work
in progress].
Another aspect that deserves further investigation is the
extension of the exotic Newtonian algebra to the super-
symmetric case. As it is known, the construction of non-
relativistic supergravity models have been very recently
approached [23, 24, 31] (see also [52] for the development
of an ultra-relativistic model). Moreover, the inclusion of
a cosmological constant in a non-relativistic supergravity
theory remains a difficult task [53].One could expect that,
as in the extended Newtonian superalgebra, the presence
of additional fermionic generators is required in order to
have a well-defined exotic Newtonian superalgebra [work
in progress].
Our result can be seen as an extension of the extended
Newtonian algebra [26]. However, other generalizations
or extensions could be considered. Indeed, it would be
interesting to study the construction of a Maxwellian
version of the extended Newtonian algebra [work in
progress]. The Maxwell algebra, introduced in [54, 55],
have been of recent interest in the (super)gravity context
[56–72]. Its non-relativistic version has been explored
in [73] and subsequently recovered from an enlarged ex-
tended Bargmann algebra [49].
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